AFRL-RX-TY-TR-2011-0030

THEORETICAL SOLUTION FOR TEMPERATURE
PROFILE IN MULTI-LAYERED PAVEMENT
SYSTEMS SUBJECTED TO TRANSIENT THERMAL
LOADS

Jeffery R. Roesler and Dong Wang

Department of Civil and Environmental Engineering
University of lllinois at Urbana-Champaign

901 West lllinois Street

Urbana, IL 61801

Contract No. FA4819-10-C-0008

January 2011

DISTRIBUTION A: Approved for public release; distribution unlimited.
88ABW-2011-4206

AIR FORCE RESEARCH LABORATORY
MATERIALS AND MANUFACTURING DIRECTORATE

B Air Force Materiel Command M United States Air Force B Tyndall Air Force Base, FL 32403-5323



DISCLAIMER

Reference herein to any specific commercial product, process, or service by trade name,
trademark, manufacturer, or otherwise does not constitute or imply its endorsement,
recommendation, or approval by the United States Air Force. The views and opinions of authors
expressed herein do not necessarily state or reflect those of the United States Air Force.

This report was prepared as an account of work sponsored by the United States Air Force.
Neither the United States Air Force, nor any of its employees, makes any warranty, expressed or
implied, or assumes any legal liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process disclosed, or represents that its use
would not infringe privately owned rights.

This report does not conform to the current guidance by the United States Air Force Research
Laboratory. It is being submitted in its original format, as generated by the authors of the report.



NOTICE AND SIGNATURE PAGE

Using Government drawings, specifications, or other data included in this document for any
purpose other than Government procurement does not in any way obligate the U.S. Government.
The fact that the Government formulated or supplied the drawings, specifications, or other data
does not license the holder or any other person or corporation; or convey any rights or permission
to manufacture, use, or sell any patented invention that may relate to them.

This report was cleared for public release by the 88th Air Base Wing Public Affairs Office at
Wright Patterson Air Force Base, Ohio and is available to the general public, including foreign
nationals. Copies may be obtained from the Defense Technical Information Center (DTIC)
(http://www.dtic.mil).

AFRL-RX-TY-TR-2011-0030 HAS BEEN REVIEWED AND IS APPROVED FOR
PUBLICATION IN ACCORDANCE WITH ASSIGNED DISTRIBUTION STATEMENT.

CUBILLOS ?éﬁs"s’ci’ﬁ%‘?é?éﬂﬁbﬁizsmw RICHLIN.DEBRA. L gty sonua oy miorrioesras tosusstso
FONSECA. ANGELICANMN 5l s sanment b0 owsnte QUEUSAE, oS RIGHLINDEBRAL 1034434145
1258842541 EO‘NSZEU(%‘Q é;‘lgsit;zf;zl‘ls!\aﬁi‘ls%’:omﬁﬂ . 1 O 34494 1 49 Date: 2011.07.28 13:18:47 -05'00"
ANGELICA CUBILLOS, 2nd Lt, USAF DEBRA L. RICHLIN, DR-III
Work Unit Manager Acting Chief, Airbase Engineering
Development Branch

RH O D ES ALB E R gE‘C‘;’[L‘é;’%T?E?T NHI1175488622

=U.8. Government, ou=DoD, ou=PKI,

N.IL1175488622 s e i
ALBERT N. RHODES, PhD

Chief, Airbase Technologies Division

This report is published in the interest of scientific and technical information exchange, and its
publication does not constitute the Government’s approval or disapproval of its ideas or findings.



Form Approved
REPORT DOCUMENTATION PAGE OMB e 788

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of
information, including suggestions for reducing the burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188),
1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any
penalty for failing to comply with a collection of information if it does not display a currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) | 2. REPORT TYPE 3. DATES COVERED (From - To)
01-FEB-2011 Final TechnicalReport 01-FEB-2010- 31-JAN-2011

4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

TheoreticalSolutionfor Temperaturérofile in Multi-layeredPavement FA4819-10-C-0008

SystemsSubjectedo TransienfThermalLoads 5b_ GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

0909999F
6. AUTHOR(S) 5d. PROJECT NUMBER
RoeslerJefferyR.; Wang,Dong 4915
Ge. TASK NUMBER
DO
5f. WORK UNIT NUMBER
QD101003
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION

Departmentf Civil andEnvironmentaEngineering REPORT NUMBER

University of lllinois at Urbana-Champaign
901 Westlllinois Street
Urbana/JL 61801

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR'S ACRONYM(S)
Air ForceResearch.aboratory AFRL/RXQEM
MaterialsandManufacturingDirectorate

139BarnesDrive, Suite2 NUMBER(S)

Tyndall Air ForceBase FL 32403-5323 AFRL-RX-TY-TR-2011-0030

12. DISTRIBUTION/AVAILABILITY STATEMENT

Distribution StatemenA: Approvedfor public releasedistributionunlimited.

13. SUPPLEMENTARY NOTES

RefPublic Affairs Case#t 88ABW-2011-420629 July 2011. Documentcontainscolorimages.

14. ABSTRACT

This technical report focuses on developing easily implemented analytical solutions to predict rapidly varying temperature profiles in concrete
pavements subjected to transient thermal loadings generated by vertical take-off aircraft engines. The general closed-form solution for the
one-dimensional (1-D) temperature profile in a homogeneous half-space with specified pavement surface temperatures is well known; efficient
numerical algorithms to accurately resolve the integrals involved in the general solution are identified through literature review and recommended
based on numerical experiments in this report. 1-D analytical solutions for temperature fields in a two-layered pavement system using Laplace
transforms are proposed for two different surface boundary conditions, i.e., specified transient surface temperature and mixed boundary condition
involving heat flux emanating from the aircraft engine. Furthermore, two-dimensional (2-D) axisymmetric temperature field in a homogeneous
half-space subjected to transient thermal loading was solved under the specified surface temperature condition. Two solution methods were
introduced: one based on the Hankel transforms and the method of separation of variables; another based on the Hankel and Laplace transforms.
Numerical experiments suggest that the combined results based on those two methods give reasonable approximation to the rapidly varying
temperature profile.

15. SUBJECT TERMS

multi-layerpavementtemperaturg@rofile, 2D temperaturenodel,Hankeltransforms| aplacetransformsthermalloads.

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF [18. NUMBER [19a. NAME OF RESPONSIBLE PERSON
a. REPORT |b. ABSTRACT | c. THIS PAGE ABSTRACT g;GES AngelicaCubillos
U U U uu 56 19b. TELEPHONE NUMBER (/nclude area code)

Standard Form 298 (Rev. 8/98)
Reset | prescribed by ANSI Std. 239.18



TABLE OF CONTENTS

LIST OF FIGURES ...ttt sttt ettt st sb et e sbe et i
LIST OF TABLES ...ttt ettt s il
ACKNOWLEDGEMENTS ..ottt ettt sttt ettt sb et e nas v
I. INTRODUCTION.....ooiiiiiittititet ettt ettt sttt et sttt sbe e 1
Lol. IMIOTIVALION 1.ttt ettt ettt et b et e st s bt et e et e s bt e bt entesbeeaeenee e 1
L.2. OVEIVIEW ..ttt ettt ettt ettt st s bttt et s bttt et sbe e bt et esbeenaeenne e 2
2. 1-D TEMPERATURE FIELD IN PAVEMENTS ......cooiiiiiiiiieeieneeeeteeee e 4
2.1. 1-D Temperature Field in Homogenous Half-Space...........ccccceeviiviiiiniiiiniiecee e, 4
2.1.1. Specified Pavement Surface TEMPETatuIe ...........coceevveriiririiiniinieeieneerieeeeseee e 4
2.1.2. SECHION SUIMIMATY ..eeutiieiiiieeriieeeieeesieeesteeeseteeesateeeareessseeasseessseeesseeessseesssseeesseesssseesnsseesnnes 9
2.2. 1-D Temperature Field in Two-layered Pavement Systems ..........ccccecervenernienicneenicnnene. 10
2.2.1. Specified Pavement Surface TEeMPETatUIe .........cccueerueeriieiiieniieiieeeieereeeeeeiee e eieeeeveeeeeas 11
2.2.2. Specified Heat Flux From Aircraft ENgine ..........ccccooeeviiniiiiiiniiiiineceececeeeeee 17
2.2.3. SENSILIVILY STUAY ..evvetiiniieiieitieie ettt ettt et ettt et e bt et eeaeenees 21
2.2.4. SECLION SUIMIMATY ....eoitiiuiiriiiniieieeitente ettt ettt ste et eatesbe e bt et e sae e bt eabesbeenteeasesbeenbeentesaeenaes 26
3. 2-D AXISYMMETRIC FIELD IN HOMOGENEOUS HALF-SPACE ........ccccoeviinianene 27
3.1, Separation Of VariabIes .........cccceeviiiiiiiiiiiieieeteeeceetee et 29
3.2, Integral TranSfOTMS ....cccuuiiiiiiieiieeieece e et e e e et e e st e e ssbee e eabeeesnseeennseeennne 32
3.3, NUMETICal RESUILS ...coueiiiiiiiiieiiee e ettt et 34
3.4, SECHON SUMIMATY ....vviieiiieiiiieeiiteeeieeeeieeeeieeesteeestbeeestseeeeseessseesnsseessseeessseeessseesssseesssseesnnns 36
4. SUMMARY ..ttt h bttt bbbttt 42
5. REFERENCES ... ...ttt ettt ettt sttt et sb et sstesaeenne s 43
APPENDIX ...ttt b e bbbttt et et bbbt et ene e 45
LIST OF SYMBOLS AND ABBREVIATIONS ..ottt 47
i

Distribution A. Approved for public release; distribution unlimited.



List of Tables

2.1
2.2
2.3
24
2.5
2.6

3.1

Weights and Abscissae Used in Equation (2.7), N =15 . . . .. .. 8
Weights and Abscissae Used in Equation (2.8), M =10 . . . . . .. 8
Abscissae and weights . . . . . .. ... o000 16
Geometry and Material Parameters Used in the Sample Calculation 16
Additional Parameters Assumed in The Sample Calculation . ... 21

Geometry and Material Parameters Used in The Sensitivity Study 23

Proposed Transient Temperature Prediction Using the Combined
Solution Technique . . . . . . . . . ... .. ... .. 36

Distribution A: Approved for public release; distribution unlimited.
i



List of Figures

2.1 Time-dependent Surface Temperature Due to Transient High-temperature

Loadings . . . . . . . . . . 6
2.2 Concrete Pavement Temperature Profile at ¢t = 10 s and ¢t = 600 s

Due to Fast Transient Thermal Loadings . . . . . . . ... ... .... 9
2.3 Transient Temperature Values at z = 1 mm and z = 20 mm at

Different Times Due to Fast Transient Thermal Loadings . . . . . . 10
2.4 Two-layered Pavement System . . . ... ... ... ... ..., .. .. 11
2.5 Transient Concrete Slab Temperature Profile for a Two-layered Sys-

tem Subjected to Transient Thermal Loading . . . . . . . .. ... .. 17

2.6 Transient Temperature Values Evaluated at Different Depths in
the Concrete Slab for a Two-layered System Subjected to Thermal

Loading . . . . . . . . . 18
2.7 Transient Concrete Slab Temperature Profile in The First Layer . . 22
2.8 Transient Temperature Values Evaluated at Different Depths . . . . 22
2.9 Transient Temperature Profile for a Geopolymer-concrete System

(hy =60 mm) . .. ... 24
2.10 Transient Temperature Profile for a Geopolymer-concrete System

(hy =100 mm) . . . . ... 24
2.11 Transient Temperature Values Evaluated at Different Depths in a

Geopolymer-concrete System (hy =60 mm) . . .. ... ... ... .. 25
2.12 Transient Temperature Values Evaluated at Different Depths in a

Geopolymer-concrete System (hy =100 mm) . . . . . .. .. ... ... 25
3.1 Cylindrical Coordinate System . . . . . . .. ... ... ... ...... 28
3.2 Prescribed 7(0,0,t) at t = 0,25,50,...,1475 s and Its Predicted Values

Based on The Interpolatory Trigonometric Polynomials . . . . . .. 37
3.3 Prescribed and Predicted Surface Temperatures at r = 0 for Differ-

ent Times Based on LT and SV Methods . . . .. ... ... ..... 37
3.4 Predicted Temperatures at r =0, 2z =1 mm and r =0, z =5 mm for

Different Times . . . . . . . . . . . . . ... 38
3.5 Predicted Temperatures at r =0, 2z =10 mm and r =0, z = 20 mm

for Different Times . . . . . . . ... ... .. .. ... ... ... 39
3.6 Predicted Temperatures at r =0, 2z =40 mm and r =0, z = 60 mm

for Different Times . . . . . . . . . . . ... ... ... ... .. ... 40
3.7 Predicted Transient Temperatures at Different Depths Using Re-

sults Based on Two Methods Described in This Section . . . . . .. 41

111

Distribution A: Approved for public release; distribution unlimited.



ACKNOWLEDGEMENTS
This technical report is based upon research work funded by the Air Force Research Lab-

oratory under contract No. FA4819-10-C-0008. Any opinions, findings and conclusions or
recommendations expressed in this report are those of the authors and do not necessarily

reflect the views of the Air Force Research Laboratory.

A%

Distribution A: Approved for public release; distribution unlimited.



Chapter 1

INTRODUCTION
1.1 Motivation

New-generation military aircraft are being developed to take off and land vertically, resulting
in large thermal loads on the pavement surface. These Fast transient thermal loads produce
a rapidly varying temperature profile both radially and through the slab. These repeated
thermal loads can lead to premature deterioration of the airfield pavement structure. Ju and
Zhang!? give a detailed account on this issue. Traditional paving materials such as concrete
and asphalt concrete will not have the same longevity under this condition of repeated
thermal.'® Accurately predicting this transient high-temperature profile is crucial and a
prerequisite to further determining the thermal stress fields in the material design of this
new type of airfield pavement application.

Different approaches can be applied to predict temperature fields in multi-layered pave-
ment systems under climatic conditions, such as statistics-based models, numerical ap-
proaches, and analytical methods. Wang, Roesler, and Guo’ present an overview of these
various approaches. To estimate rapidly changing temperature profiles in concrete pavements
subjected to fast transient thermal loads, numerical or analytical approach is appropriate. A
numerical approach—specifically, an explicit finite difference method—was employed to pre-
dict two-dimensional (2-D) axisymmetric transient high temperature field in Ju and Zhang.?
The main advantage of this method is that it can easily handle temperature-dependent ther-
mal properties of concrete, such as density, specific heat, and thermal conductivity. However,
an extremely small temporal step size, which is highly dependent on the spatial step-size,
must be chosen to ensure computational stabilities and hence this approach is generally more
time-consuming. In view of the facts that the thermal properties of concrete change slowly
when the temperature increases,? and the huge amounts of heat exhausted from aircraft

engines is the dominant driving force for this problem, a rapid analytical solution can be

1
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pursued by assuming that thermal properties of each layer of material in pavements are
constant.

The primary objective of this study is to develop easily implemented analytical solutions
for predicting the rapidly varying pavement temperature profile under fast transient thermal
loads. To meet different needs for acquiring temperature profile information, one-dimensional
(1-D) and 2-D axisymmetric temperature fields will be considered. Time-dependent temper-
ature profiles change only with depth in the 1-D case, and the profiles change both vertically
and radially(horizontally) in the 2-D axisymmetric case. The main advantage of these an-
alytical solutions is that they lay the foundation for further investigating the 1-D and 2-D

axisymmetric thermal stress fields in concrete pavements based on analytical approaches.

1.2 Overview

The overview of this report is as follows:

In Chapter 2, 1-D temperature fields in homogeneous half-space subjected to fast, tran-
sient, thermal loadings is investigated first. The general closed-form solution for this initial-
boundary problem is identified through literature review. Efficient Gaussian-type quadrature
formulas developed by Steen et al. are tested and recommended to numerically resolve the
general solution. This is followed by the study of 1-D temperature fields in two-layered
pavement systems subjected to high-temperature transient thermal loadings. Two types of
solutions are derived based on two different boundary conditions, namely, specified pavement
surface temperature history, and specified heat flux intensity from aircraft engines, respec-
tively. The main mathematical tools employed in deriving analytical solutions in these cases
are Laplace integral transforms (LT) and numerical Laplace inversion. Some model calcula-
tions are performed to demonstrate the derived analytical solutions. This chapter concludes
with some sensitivity studies that investigate effects of material thermal properties and
thickness of the first layer on temperature profile in a two-layered pavement system.

In Chapter 3, a 2-D axisymmetric temperature field in homogeneous half-space with spec-

2
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ified surface temperatures due to transient thermal loads is studied. Analytical solutions are
derived respectively using two different methods: one based on separation of variables (SV)
and HT while the other is based on LT and HT. Numerical results are obtained using the
derived solutions and a model pavement surface temperature history extracted from Dr.
Zhang’s doctoral dissertation,® suggesting that a combined result based on these two differ-
ent analytical solutions will give a reasonable approximation of the pavement temperature
profile.

In Chapter 4, a summary of this technical report is presented.

3
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Chapter 2

1-D TEMPERATURE FIELD IN PAVEMENTS

In this chapter, 1-D rapidly varying temperature profiles in pavements subjected to fast,
transient thermal loadings is investigated. In Section 2.1, an analytical solution for such
temperature profiles in a homogeneous half-space is presented. Analytical solutions for
temperature profile in two-layered pavement systems are systematically studied using LT

and numerical Laplace inversions in Section 2.2.

2.1 1-D Temperature Field in Homogeneous Half-Space Subjected to Fast,

Transient Thermal Loadings

2.1.1 Specified Pavement Surface Temperature

The governing equation for this heat conduction problem without an internal heat source/sink

is the classic 1-D heat equation

%—zza% for 0<z<oo and ¢>0 (2.1)
where o = thermal diffusivity of material (m?/h).

One way to consider rapidly transient thermal loadings, e.g., energy projected from
vertical-take-off /landing aircraft with fast heating rate (say, 500 °C/min. as used in Ju and
Zhang'), is to use measured transient surface temperatures F(¢) (if available) in the area

where the temperature is the highest. Mathematically, the following initial boundary value

problem needs to be solved

oT 0T

E(z,t) = aw(z,t) 0<z<oo and 0<t<oo
T(0,t) = F(t) for z=0 (2.2)
T(z,0) = G(2) for t=0
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The analytical solution for the above initial boundary value problem (Equation 2.2) can
be obtained using the method of odd extension discussed in Section 3.1 in Strauss,” or by
summing up solutions of two simpler initial-boundary-value problems outlined on page 64

in Carslaw and Jaeger.'® The complete solution of Equation 2.2 is

T6t) = i [ o Gl
’ Varat Jo vy

+ 2 /Oo F<t— z )edey (2.3)
- .
VT = 4oy

provided the improper integrals in Equation (2.3) converge.

In Ju and Zhang,! F(t) and G(z) take the following forms

F(t) = Ti(t)

— 2854 49.5In(f + 0.00554) (2.4)
G(z) = Ty

= 25 (2.5)

where ¢ in Equation (2.4) is measured in seconds, and Tj in Celsius degrees in Equation
(2.5).
Substituting Eqs. (2.4) and (2.5) into Equation (2.3) gives

2

2 & z .2 2
T(Z7t>:ﬁ/z Ts(t—@)eydiy‘i_ﬁj"b/o
Vaat

which is in agreement with Equation (5) in Ju and Zhang.!

Viat
ey dy (2.6)

It is noted that for arbitrary z > 0 and ¢ > 0, the improper integral in Equation (2.6)
can be shown to converge to a finite value by using the Lebesgue’s dominated convergence

theorem from real analysis. The time-dependent surface temperature described by Equation

5
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(2.4) is plotted in Figure 2.1.

700 T T ! [

600 1

5001 1

400 1

300 1

200} ]

Temperature(Celsius Degree)

100} ]

0 200 400 600 800 1000
Time (seconds)

Figure 2.1: Time-dependent Surface Temperature Due to Transient High-
temperature Loadings

Due to the complexities of integrands in the integrals in Equation (2.6), the closed-form
solution of integrals in Equation (2.6) is hard to derive. Thus a numerical approximation to
Equation (2.6) is employed in this study.

Steen et al.!'! developed efficient Gaussian-type integration formulas to approximate

integrals of the forms

o0 1
/ e_”2f(a:)da: and / e_“”2f(:1:)d:z:,
0 0

6

Distribution A: Approved for public release; distribution unlimited.



and their formulas are given as follows

Q

| e @ = Y wsw) (2.7)

Q

/0 e f(x)da Z we f(zx) (2.8)

where N € {k is a positive integer : 2 < k < 15}; M € {k is a positive integer : 2 < k <
10}; weights wy, and abscissae 2, k = 1,2,..., N or M are listed in Steen et al.!!

To apply Equations (2.7) and (2.8), the integrals in Equation (2.6) have to be transformed
into the standard integral form [;* e~ f(x)dx or fol e~ f(x)dx. This can be easily achieved

using a change of variables as follows:

Let 7 = —== and y = 7 + &; then the improper integral in Equation (2.6) becomes

& Z2 ) 2 & 2 2’2
T, (t— eV dy = / e e )T <t — —> d¢ 2.9
/n ( 4avy? 0 da(n + £)? (29)

on the other hand, if we let y = n¢, the definite integral in Equation (2.6) becomes

n 2 ! 2 2\ ¢2
/ e Vdy = n/ e~¢ elmmIE ge (2.10)
0 0

For fixed z > 0,¢ > 0, the temperature T'(z,t) can be approximated by applying Steen et
al.’s'! integral formulas to Equation (2.6). To investigate the effect of the concrete diffusivity
coefficient v on the temperature profile, a = 1.3 mm?/s and o = 1.0 mm?/s used by Ju
and Zhang' are adopted in this study, and N = 15, M = 10 are employed in Steen et al’s'!
integral formulas. For the sake of completeness Tables 2.1 and 2.2 list the weights wy and
abscissae z;, used in Egs. (2.7) and (2.8), respectively.

Figure 2.2 plots effects of concrete diffusivity coefficient o on concrete pavement temper-
ature profile at ¢ = 10 s and ¢ = 600 s due to transient high-temperature loadings. Figure

2.3 presents effects of the concrete diffusivity coefficient o on transient temperature values at

7
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Table 2.1: Weights and Abscissae Used in Equation (2.7), N = 15!

Wy,

Ty

0.055443366310234
0.124027738987730
0.175290943892075
0.191488340747342
0.163473797144070
0.105937637278492
0.050027021153453
0.016442969005267
9 0.003573204214283
10 | 4.82896509305201e-04
11 | 3.74908650266318e-05
12 | 1.49368411589636e-06
13 | 2.55270496934465¢-08
14 | 1.34217679136316e-10
15 | 9.56227446736465e-14

00 3 O Ol = W N |

0.02168694746755
0.11268422034777
0.27049267142189
0.48690237038193
0.75304368307297
1.06093100362236
1.40425495820363
1.77864637941183
2.18170813144494
2.61306084533352
3.07461811380851
3.57140815113714
4.11373608977209
4.72351306243148
5.46048893578335

Table 2.2: Weights and Abscissae Used in Equation (2.8), M = 10!

W

Tk

0.032531969510180
0.072483896403744
0.104004662155270
0.121594475562980
0.122093608318116
0.107195747923389
0.083077989029486
0.056928598840185
0.033398291993499
0.013514893075575

= O 00 3O Ol W N |

e}

0.012737849971374
0.065802327974393
0.156155783059660
0.275890718366863
0.414966322218475
0.562009142193357
0.704832804690269
0.830893869740303
0.928057569743495
0.985992766817013

8
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z =1 mm and z = 20 mm at different times. These results are consistent with the graphical

solutions presented by Ju and Zhang.!

700 T T T T T T T T T
_— d=1.3mm2/s,t=105
— d=1.0mm2/s,t=105
600 —_—d=1.3 mmzls,t=6005 -
== d=1.0 mm%s, t=600 s

500

C)

400

wW
o
o

Temperature

200

100

0 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

Depth (mm)

Figure 2.2: Concrete Pavement Temperature Profile at ¢ = 10 s and ¢t = 600 s Due
to Fast Transient Thermal Loadings

2.1.2 Section Summary

In this section, rapidly varying 1-D temperature profiles in a homogeneous half-space sub-
jected to transient thermal loadings are investigated. The well-known general solution for
this problem is numerically evaluated using efficient Gaussian-type integration formulas de-
veloped by Steen et al.!! Numerical calculations based on a uniform initial pavement tem-
perature profile and a model surface temperature history are carried out, and match well

with published results.

9
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200}

100}
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0
0 100 200 300 400 500 600 700 800 900 1000
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Figure 2.3: Transient Temperature Values at z = 1 mm and z = 20 mm at Different
Times Due to Fast Transient Thermal Loadings

2.2 1-D Temperature Field in Two-layered Pavement Systems Subjected to

High-Temperature Transient Loadings

The 1-D time-dependent temperature profile in a homogeneous half-space can be extended
to a two-layered pavement system, as shown in Figure 2.4. This idealized two-layered system
can be eventually used to analyze a heat-resistant concrete layer over a conventional concrete
layer. Again, the temperature profile in a two-layered system can be modeled as an initial-
boundary-value problem, where h; = thickness of Portland cement concrete (m); hy =
thickness of the base layer (m); A; = thermal conductivity of the jth layer (kcal/m h °C);
«; = thermal diffusivity of the jth layer (m?/h); and Tj(z,t) = temperature function for
layer j (°C). The material in each layer is assumed to be continuous, homogeneous, and

isotropic. The temperature T5(z,t) is assumed to be constant for z > Hy and ¢ > 0.

10
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Layer 1 hi, A1, a1, T1(2,t)

H,

Layer 2 ha, Ag, aiz, To(2,t)

H

Figure 2.4: Two-layered Pavement System

2.2.1 Specified Pavement Surface Temperature

Similar to Section 2.1, suppose that the measured transient surface temperature data is
available, then 1-D time-dependent temperature profile in a two-layered pavement system
subjected to this high temperature transient loadings can be modeled as the following initial

boundary value problem

%(z,t) = aj%(z,t) 0<t< oo, H, 1 <z<H;, j=12
Ti(2,0) = Gji(2), j=1,2  (initial condition)
T1(0,t) = F(t) (first boundary condition) (2.11)
T>(Hy,t) = constant (second boundary condition)
Ti(Hy,t) = Ty(Hq,t) (first interface condition)
)\1%([{1, t) = Ag%(ﬂl, t) (second interface condition)

where H() = 0, H1 = hl and H2 = hl + hg.

11
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The main mathematical tool used for solving the system (2.11) is a LT. To facilitate the

derivation of the solution, we introduce the variable U;(z,t), j = 1,2 below

Uy(z1) = Tz, 1) — Ty(2,0) (2.12)

For simplicity, we assume that the initial temperature, Tj(z,0), j = 1,2 is a constant. From
Equation (2.12), the system (Equation 2.11) can be written as the following initial-boundary-

value problem:

%(z,t) = ai%(z,t) 0<t<oo, Hi1<z<H;, i=12 (2.13)
Ui(z,0) = 0 (2.14)
Ui(0,t) = F(t)—1T1(0,0) (2.15)

Us(Hyt) = 0 (2.16)

Ui(Hy,t) = U(Hy,t) (2.17)

Al%(hﬁ,t) = Ag%(Hl,t) (2.18)

and we assume that To(Ha, t) = To(H,, 0) for all ¢ > 0.
Let £ denote the LT operator and Uj(z, s) be the LT of U;(z,t) with respect to time ¢.

Furthermore, the following operational property'? of LT is needed:

L] =sf(s) = £(0) (2.19)

where f(s) is assumed to exist.
Applying LT with respect to ¢ to Equation (2.13) in conjunction with Equations (2.14)
and (2.19) yields
U;(z,8) s -

0722 B Oé_jUj(Za 8) = 07 Hj—l <zZ< Hj’ j - 1’ 2 <220)

12
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If we let 7;(s) =, /> then the solution of Equation (2.20) is

Uj(z, s) = A;(s)e” " + Bj(s)e*, j =1,2

(2.21)

where A;(s), Bj(s), j = 1,2 are to be determined using LT of boundary and interface

conditions. Applying LT with respect to ¢t to the boundary and interface conditions in

Equations (2.15)—(2.18) yields Equations (2.22)—(2.25), respectively:

01(0,5) = Fls)— ¢
UQ(HQ,S) =0
U(Hi,s) = Us(Hy,s)
oU, L
AlE(Hlas) = )\QW(HMS)

where the constant ¢ stands for 77 (0, 0).
From Equation (2.21), we know
U,

o (2:8) = =1 A(s)e T 4y By(s)ent, = 1,2

(2.22)
(2.23)
(2.24)

(2.25)

(2.26)

Substituting Equations (2.21) and (2.26) into Equations (2.22)—(2.25) yields the following

linear system in which A;(s), Bj(s), j = 1,2 are unknown variables

a;p a2 0 0 Aq(s) C
Qg1 G2z Q23 A4 Bi(s) _ 0
as1 Az a3z Azq Ay(s) 0

I 0 0 au3 au 1L Bs(s) | I 0 |

where

13
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0,11:1 a12:1

ag = e "N agy = et agy = —e "N agy = —eh
agt = —Mrie M agy = N agg = Agrge M agy = —Agrgen (2.28)
agg = e M2 agy = e
— F(s) — ¢
Cl = F(S) p

Ai(s) = %[1

Bi(s) = —%]2

Ay(s) = 2%)\17“16’”21{2 (2.29)
By(s) = —Q%Alrle_TQHQ

where

I, = ™™ [A\rysinh(rohs) + Aory cosh(rahs)]
I, = e ™M [=\rsinh(rahy) + Agra cosh(rahs)]
A = 2[A\rysinh(rahy) cosh(rihy) + Agrg cosh(rahs) sinh(rihy)]

hg = HQ—Hl

From Equation (2.4) in Section 2.1, it is clear that Ts(¢) can be well approximated for

large t by
F(t) =285+449.5In(t), t > 1 (2.30)

Since the LT of Equation (2.30) is much simpler than that of (2.4), Equation (2.30) will be

14

Distribution A: Approved for public release; distribution unlimited.



used in the following sample calculation. The LT of In(¢) takes the form'?

1
Lln(t)] = —%n(s) (2.31)
where v ~ 0.5772156 is Fuler’s constant.
In view of Equation (2.31), the LT of Equation (2.30) is
A 285 — 49. 1
F(s) = 85 — 49 58(7 + In(s)) (2.32)

Based on Tj(z,0) = 25, j = 1,2 (see Equation (2.5)) and Equation (2.32), C; can be
obtained as

Ch— % 1260 — 49.5(7 + In(s))] (2.33)

Substituting A;(s), Bj(s), j = 1,2 in Equation (2.29) into Equation (2.21) and using the

inverse LT yields

1 v+i0c0o R

Ui(z,t) = oyl Ui(z,s)eds, 0<z< H (2.34)
1 v+ico
Uy(z,t) = 5 | Us(z,8)e*ds, Hy < z < Hy (2.35)

where v is some real number such that Uj(z, s), 7 = 1,2 converges absolutely along the line
Re(s) = v, where Re(s) denotes' the real part of a complex number s.

Due to the complexities of Uj(z, s), 7 = 1,2, the closed-form solutions of Equations (2.34)
and (2.35) are difficult to derive, so we seek numerical inversion of the LT. In this study, the
Gaussian quadrature formulal® for evaluating the following integral of functions of complex

variables is employed

V4100 N
! C Fp)dp ~ S wiF(p)) (2.36)
o) D (p)dp =~ 2. w; F'(p; :
where N > 2 is an integer; w;,p;,j = 1,2,..., N are weights and abscissae, respectively.
15
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For the sake of completeness, p;,w;, 7 = 1,3,

...,9 are listed in Table 2.3, and p;, w; are

equal to the conjugate of p;_1, w;_; for j = 2,4,...,10, respectively.'

Table 2.3: Abscissae and Weights Used in The 10-point Gaussian Quadrature

Formula
{ Di w;
1 | 12.83767707781087 + 1.6660625841623017 | -868.4606112670226 + 15457.420533052757
3 | 12.22613148416215 + 5.012719263676864¢ 1551.634444257753 - 8439.832902983925¢
5 | 10.93430343060001 + 8.409672996003092: | -858.6520055271992 + 2322.065401339348%
7 | 8.776434640082609 + 11.92185389830121% 186.3271916070924 - 253.3223820180114%
9 | 5.225453367344361 + 15.729529045639267 | -10.34901907062327 + 4.1109358812318607

For fixed z and ¢, let st = p. Then complex integrals in Equations (2.34) and (2.35) can

be written in the form of the integrals in Equation (2.36) as follows:

1 y+i00 Yo
Ui(zt) = 5= CFRp)dp, 0<z<H, (2.37)
e F—ico
1 y+ioo eP
U2<Z7t) = % ‘ —Fg(p) dp, Hi < z< Hy (238)
Y—100

where Fj(p) = Uj(z, B)2, 7 = 1,2. Then Equations (2.37) and (2.38) can be approximated
using Eq. (2.36). To verify the validity of applying Equation (2.36) to evaluate Equations

(2.37) and (2.38), a sample calculation was performed using parameters given in Table 2.4.

Table 2.4: Geometry and Material Parameters Used in the Sample Calculation

Parameters Value
Layer thickness (m)

]’Ll 0.4

hs 2.0
Thermal conductivity, A (kcal/m h °C)

PCC slab 1.85
Base layer 1.20
Thermal diffusivity, a (m?/h)

PCC slab 0.00468
Base layer 0.00360

16
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In the sample calculation, it is assumed that 7;(z,0) = 25 °C, j = 1,2, so in view of

Equation (2.12), the final solution Tj(z,t), j = 1,2 is

Tj(z,t) = Uj(z,t) + 25 (2.39)

Figure 2.5 plots temperature profiles in the concrete slab at time ¢ = 10, 60, 180, 360 and
600 s using temperature solutions for a two-layered system; Figure 2.6 illustrates transient
temperature histories from ¢t = 1 to 1000 s at z = 1, 10, 20, 50, 100 and 200 mm measured
from pavement surface.

700

= t=10s
= t=60S
— {=180s
—— 1=360s ||

t=600s

600

500

N
o
o

Temperature (C)
w
o
(=]

200

100

0 10 20 30 40 50 60 70 80 90 100
Depth (mm)

Figure 2.5: Transient Concrete Slab Temperature Profile for a Two-layered Sys-
tem Subjected to Transient Thermal Loading

2.2.2 Specified Heat Flux from Aircraft Engine, Q(¢)

In this case, we assume that if the heat flux emanating from aircraft engine, Q(t), is known,

then the underlying mathematical model to estimate the 1-D temperature field in a two-

17
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Figure 2.6: Transient Temperature Values Evaluated at Different Depths in the
Concrete Slab for a Two-layered System Subjected to Thermal Loading

layered pavement system, as shown in Figure 2.4, is given by the following equations:

oT;
ot o
T;(z,0)
oTy
0z
Ty(H, t)

z,t)

M E0,4)

T (H17 t)
0Ty

)\18

(Hh )

O*T; ‘
a]8Z2(zt) 0<t<oo, H; 1 <z<H; j=1,2
G,(2), j=1,2  (initial condition)
B Q) T, T1(0,¢t first bound dition|2.40

&5 T air(t) — 11(0,1) (first boundary condition)2.40)

constant (second boundary condition)
To(Hy,t) (first interface condition)

oT:
Ag— P 2(Hy,t) (second interface condition)

where B = pavement surface convection coefficient (kcal/m*hr °C); Ty;,.(t) = air temperature

(°C); and the other variables are defined in Section 2.2.1. Note that the heat input from

direct solar radiation is ignored in this problem due to the rapid transient heating of the

surface by the aircraft engines. The only difference between Systems (2.11) and (2.40) is the

first boundary condition.

18
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Similar to Section 2.2.1, let U;(z,t) = Tj(z,t) — T;(#,0), j = 1,2 and suppose that

Tj(z,0) is a constant, then the first boundary condition in System (2.40) becomes

oU,
0z

Q(t)

~M 2 (0,1) = B | <57 4 Tur(t) — T1(0,0) = T1(0,1) (2.41)

Since % > Ta(t) — T1(0,0), we can drop Tpi(t) — 71(0,0) for simplicity. Thus System

(2.40) can be rewritten in terms of U;(z,t),j = 1,2 as follows:

a(g( ) = aja;gj(z,t) 0<t<oo, Hj1<z<H, j=12 (242)
Ui(2,0) = 0 (2.43)
—AlaaUl(O B = Q@) — BULJ0,1) (2.44)
Us(Hart) = 0 (2.45)
Uv(HL8) = Un(Hi,#) (2.46)
AlaaUl(Hl, by = AQ%U?(Hl, ) (2.47)

where it is assumed that Ty(Hs,t) = To(Hz,0) for all t.

Similar to Section 2.2.1, the main mathematical tools employed to resolve the system in
equation (2.40) are again a LT and the numerical inversion of a LT. Referring to Section
2.2.1, (}j(z,s), Jj = 1,2 are given by Equation (2.21) with A;(s), B;(s), j = 1,2 determined
using a LT of boundary and interlayer contact conditions. Applying a LT to Equation (2.44)

with respect to t gives

0,5 = 31s) - B0, (245)

In the following sample calculation, (Q(t), the step function representing the heat flux

emanated from the aircraft engines, is assumed to be given by

if
Qt) = Qo h=tst (2.49)

0 if0<t<tiyort>ty
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where Q) is a constant heat flux; ¢1, t5 are two time values. Thus, the LT of Equation (2.49)
is

Q(s) = o (7 — ™) (2.50)

S

As in Section 2.2.1, A;(s), Bj(s), j = 1,2 can be determined using the linear system

(2.27) with all the symbols defined in Equation (2.28) except the following:

ann = B4+ \n

19 — B—/\lrl
C, = %(e_Stl—e_StQ) (2.51)

and A;(s), Bj(s), j = 1,2 are given as follows:

Ai(s) = %fl

Bl(S) = _%E

As(s) = 2805 et am) 2.52
o(s) = X 1me (2.52)
BQ(S) = —2%)\1T1€2T2h2h1(n+r2)

where

I, = A\irp+Aare + ()\27«2 _ /\17“1) o~ 2r2h2
Iy = (Aary — Airy) € 2 4 (Ayry 4 Agry) e 2Pntrehe) (2.53)
A = (B4 Mr1) [Mrn 4 Aara + (Aars — Ayry)e 222

+(B — Mr1)e 2 [Ayry — Xory — (Airy + Agra)e 2722
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Table 2.5: Additional Parameters Assumed in The Sample Calculation

Parameters Value
B (kcal/m? h °C) 16.29
Qo (kcal/m? h) 90,000
T;(z,0), j =1,2 (°C) 25
Time variables used in Q(t) (s)

tq 10

ty 130

Furthermore, inserting Equation (2.52) into Equation (2.21) yields Uj(z, s), 7 = 1,2 below

~

Ui(z,8) = % {()\17’1 + Aorg)e " [1 _ e—2(r1h1+r2h27nz)}

+(>\27’2 — /\17’1) [67(2r2h2+r1z) — 672T1h1+r12} } (254)
A C
Uy(z,s) = Z12)\1T1€—rz(z—h1)—r1h1 [1- 6_2’"2(}12_2)} (2.55)

where C} is given in Equation (2.51).

As in Section 2.2.1, U;(z,t), j = 1,2 can be determined by an inverse LT as in Equations
(2.34) and (2.35). The numerical inversion can be estimated using the 10-point Gaussian
quadrature formula shown in Equation (2.36). In the sample calculation, the parameters
from Table 2.4 are selected in addition to those given in Table 2.5.

Figure 2.7 plots temperature profiles in the concrete slab at time ¢t = 15, 30, 60, 90,
120, 150, and 210 s using temperature solutions for a two-layered pavement system in this
section. Figure 2.8 illustrates transient temperature histories from ¢t = 1 to 1000 s at z = 0,

1, 3,5, 8, 10, 20, 30, and 40 mm measured from pavement surface.

2.2.3 Sensitivity Study

In this subsection, we conduct a brief sensitivity study of the effects of thermal properties
and the thickness of the first layer on the temperature profile in a two-layered system. This

will give some clues to the selection of appropriate materials having heat-resistant properties
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Figure 2.7: Transient Concrete Slab Temperature Profile in The First Layer for a
Two-layered Pavement System Subjected to Specified Heat Flux from Aircraft
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Figure 2.8: Transient Temperature Values Evaluated at Different Depths in The
First Layer for a Two-layered Pavement System Subjected to Specified Heat
Flux from Aircraft
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Table 2.6: Geometry and Material Parameters Used in The Sensitivity Study

Parameters Value
Layer thickness (mm)

hy 60,100
ha 400
Thermal conductivity, A (kcal/mm s °C)
Geopolymer paste 2.0x1077
PCC slab 5.1x1077
Thermal diffusivity, o (mm?/s)

Geopolymer 0.2

PCC slab 1.3

for the surface layer of airfield concrete pavements. Geopolymer materials have desirable
properties for serving as an alternative binder to traditional Portland cement in producing
paving concrete. These properties include lower thermal conductivity and diffusivity values,
high compressive strength at early age, non-flammability, and high thermal stability. Thus
it is possible to construct paving concrete made from a geopolymer binder on top of the
ordinary concrete slab to limit temperature penetration into the ordinary concrete layer.®
The following sensitivity study gives an example of such a two-layered system.

The parameters used in the sensitivity study are given in Tables 2.5 and 2.6. Figures 2.9
and 2.10 plot temperature profiles at different times, and Figures 2.11 and 2.12 plot transient
temperature values evaluated at different depths, for a two-layered system with h; = 60 mm
and ~; = 100 mm. Actual calculations show that there are no differences in the first nine
significant digits between calculated temperature values in generating Figures 2.9-2.12, i.e.,
fixing all the other parameters and replacing h; = 60 mm by h; = 100 mm does not change
temperature profiles in the two-layered system under the rapidly imposed thermal loading
case. However, Figures 2.8 and 2.11 demonstrate that the peak temperature values in the
two-layered system containing geopolymer materials are lower than those in the ordinary
concrete two-layered system at all depths except the surface, as expected. In particular, at

z = 40 mm, the peak temperature drops from around 100 °C in Figure 2.8 to about 37 °C
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Figure 2.9: Transient Temperature Profile for a Geopolymer-concrete System
(hy = 60 mm) Subjected to Specified Heat Flux from Aircraft Operation
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Figure 2.10: Transient Temperature Profile for a Geopolymer-concrete System
(hy = 100 mm) Subjected to Specified Heat Flux from Aircraft Operation
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Figure 2.11: Transient Temperature Values Evaluated at Different Depths in a
Geopolymer-concrete System (h; = 60 mm) Subjected to Specified Heat Flux
from Aircraft Operation
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Figure 2.12: Transient Temperature Values Evaluated at Different Depths in a
Geopolymer-concrete System (h; = 100 mm) Subjected to Specified Heat Flux
from Aircraft Operation
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in Figure 2.11.

2.2.4 Section Summary

In this section, 1-D rapidly varying temperature profiles in two-layered pavement systems
subjected to transient thermal loadings were studied. The underlying solution techniques
were LT and numerical inverse LT. Analytical solutions were derived for both the specified
surface temperature history and the heat flux from aircraft engine conditions. Numerical
calculations were carried out to illustrate the derived solutions. Also, a brief sensitivity
study of the effects of material thermal properties and the thickness of the first layer on the

temperature profile in a two-layered system was conducted.
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Chapter 3

2-D AXISYMMETRIC FIELD IN HOMOGENEOUS HALF-SPACE

In this chapter, analytical solutions of a 2-D axisymmetric transient temperature field are
derived under the assumption that the thermal loadings and surface boundary conditions are
axisymmetric. To take advantage of axisymmetry, a cylindrical coordinate system is used,
as shown in Figure 3.1, and a = thermal diffusivity (m?/h) and T'(r, z,t) = the temperature
function. Here, we assume that the surface temperatures are available during the period of

interest. The mathematical formulation of this problem is given as

or _ o 82—T+18T+82—T 0<t<oo 0<z<oo (3.1)

ot or?2 ror  022)’ ’ '
T(r,0,t) = F(rt), (boundary condition) (3.2)
T(r,z,0) = G(r,=2), (initial condition) (3.3)

where F' and GG are assumed to be continuous.

Let the time period of interest be [0, %], and m a positive integer. Suppose that [0, ]
is divided into 2m sub-intervals of equal length, and that the surface temperature at » = 0
is measured at two end points of each sub-interval except at time t.. Then the interpola-
tory trigonometric polynomials, based on the discrete least squares approximation, can be

obtained to approximate F(0,t) as follows!”

m—1
F(0,t) = — 0 4 &m o (mt) + Z ay cos(kt) + by sin(kt)] (3.4)
k=1

2

m
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a,T(r, z,t)

Figure 3.1: Cylindrical Coordinate System
with

R (% _ 1) (3.5)

2m—1

1 km
ar = — Z T) cos {—(l—m)} foreach k=0,1,...,m (3.6)
m m
2m—1
1 k
by = EZTlsin[%(l—m)] foreach k=1,2,...,m—1 (3.7)
1=0

where T} = measured surface temperature at r = 0 at ['" partitioning point of [0, ], i.e., at
time ¢; = #te for each [ = 0,1,2,...,2m — 1. In the following, F(r,t) is assumed to have

the form

F(r,t) = e #" F(0,1) (3.8)

where p is some parameter.
For simplicity, we assume that 7(r, z,0) is independent of z. Also, the compatibilities of

initial and boundary conditions at z = 0,¢ = 0 impose that F'(r,0) = G(r,0), which yields

28

Distribution A: Approved for public release; distribution unlimited.



T(r,z,0) = F(r,0).
In view of the above discussion, the following focuses on the derivation of the analytical
solution for T'(r, z,t) satisfying the partial differential equation (PDE) given in Equation

(3.1) with the boundary and initial conditions given by

m . |2 1
T(r,0,t) = e‘#”{%—{—%sml th—’_ﬂ(§_m>}

+: {ak sin ( (% _ k>) + by, sin (227% - /m)] } . (3.9)

where 0 <t <t, (1 — ﬁ), and

T(r,2,0) = e " {0;0+a7msin[ (——m)}rj: [akSIH( (l—k))ﬂLkain(—kW)]},

(3.10)

where Equation (3.10) is obtained by setting ¢ = 0 in Equation (3.9). It is noted that
Equation (3.1) is linear, so the principle of linear superposition implies that the final solution
satisfying the Equations (3.1), (3.9) and (3.10) can be obtained by summing up each solution

satifying Eq. (3.1) and the following boundary and initial conditions

T(r,0,t) = e " Asin(wt + ¢) (3.11)

T(r,z,0) = e " Asin¢ (3.12)

where we note that e #" Asin(wt+¢) and e """ Asin ¢ resemble the variable terms in the right
hand side of Equations (3.9) and (3.10), respectively. Hence, the model initial-boundary-

value problem consisting of Equations (3.1), (3.11) and (3.12) will be considered.

3.1 Separation of Variables

The method of SV has been employed to predict time-dependent temperature profiles in

multilayered pavement systems using the measured air temperature, solar radiation intensity

29

Distribution A: Approved for public release; distribution unlimited.



and material parameters.” To facilitate the derivation of an analytical solution, the complex-
valued function of real variables, Y'(r, z, t) is introduced, which is the solution of the following

boundary value problem

)4 oY 19y 9%

E = O{(W ;E W)’ 0<t< oo, 0<z<o0 (313)
Y (r,0,t) = Ae Hrtilwi+o) (3.14)
Y(r, z,t) is bounded (3.15)

where 4 is the imaginary unit number with 2 = —1.
It is clear that the imaginary part of Y (r, z,t) satisfies the Equations (3.1) and (3.11),
and in general does not satisfy the Equation (3.12). However, the influence of initial data

9 and

T(r,z,0) on transient temperature distributions gradually decays as time increases,
thus the solution based on the method of SV can still give a reasonable approximation to
temperature at the point Q(r, z,t) for small z and large t.

The following outlines the main steps involved in solving Equations (3.13) and (3.15)

based on the method of separation of variables:

1. We assume that

Y (r,z,t) = u(r, 2)ed@H? (3.16)
then, it follows that
Y
— = jwY 3.17
5 = (3.17)

2. Inserting Equations (3.16) and (3.17) into Equation (3.13) yields

_ Pu 10u  &u
Jjwu = « (W—i_;g—i_@) (3.18)
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3. We assume that u, is bounded at 7 = 0, u(r, z) is O(r=*) ! and wu,(r, 2) is O(r=**1) as
r — oo for each z > 0 with & > 2. Then the HT of order zero of u(r, z) with respect

to r, u(§, 2) defined below exists!®

(&, z) = /000 ru(r, z)Jo(Er)dr (3.19)

where Jy(£r) is a Bessel function of the first kind, of order zero.

Applying the HT on r to both sides of Equation (3.18), we obtain formally the following

equation
0w
o562 = (€+25)alg2) =0 (3.20)

Note that the following fact was used in deriving Equation (3.20) when u and w, satisfy

the above-mentioned conditions!?

< [(d* 1d o
/0 r (W + ;5> u(r, z)Jo(Er)dr = =& u(, z) (3.21)
4. Solving Equation (3.20), we find that

U(€, z) = Ce™MHIN) 4 Dp2(M+iN) (3.22)

2
where M = @/%, N = ,/%,V = \/1—1-(6%2) ; and C, D are constants of

integration that are determined using the boundary condition.

5. The boundedness of Y (r, z,t) implies D = 0 in Equation (3.22), and the inverse HT

!The order symbol O is defined as [18, pp. 570-571]
f(k) = O[G(K)], k— a (here a may be +o00) if

F(k)
G (k)

absolute value of approaches to A as k — a, where A is a nonzero constant

31

Distribution A: Approved for public release; distribution unlimited.



of u gives®

Y (r,z,t) = /0 h EC(&)e SM=HI(Wt=EN=40) T (e1) ¢ (3.23)

. Setting z = 0 in Equation (3.23) and considering Equation (3.14), we find that!®

c) = /0 rAe " Jo(&r)dr

= Ap(€ + ) (3.24)

. Substituting Equation (3.24) into Equation (3.23) yields the complete expression for
Y (r, z,t), whose imaginary part, T'(r, z,t), is the desired solution satisfying Equations

(3.1) and (3.11)

T(r,z,t) = Ap /000 ( ¢ e M7 sin(wt — ENz + ¢)Jo(Er)déE (3.25)

&+ p2)*?

It can be shown that for fixed ¢ the improper integral in Equation (3.25) converges

uniformly with respect to r and z, where r € [0,00 ) and z € [0, 00 ) by using the Weierstrass

criterion on uniform convergence of improper integrals involving parameters.”

In practice, the improper integral can be approximated using numerical integration

schemes such as Gaussian quadrature formulas. However, the assumption in Equation (3.16)

may not be valid even for moderate values of z under the condition of rapidly changing ther-

mal loading, for example z = 40 mm as illustrated in Figure (3.6) below. Therefore, we

propose another solution method based on integral transforms such as LT and HT.

3.2 Integral Transforms

In this section, we seek an analytical solution satisfying Equations (3.1), (3.11) and (3.12)

based on LT and HT. The main steps involved in the derivation of solution are summarized

as follows:
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1. Refer to Section (2.2.1), Let T'(r, z, s) denote the LT of T(r, z,t) with respect to time

t. Applying the LT with respect to ¢ to both sides of Equation (3.1) yields

X A . PT 10T T
T(r,z,s)—ae o s1n¢=w+;a+w (3.26)

Ol w

2. We assume that T, is bounded at r = 0, T'is O(r=*) and T, is O(r=**1) as r — oo

for each z > 0, t > 0 with £ > % Applying the HT of order zero on r to both sides of
Equation (3.26) produces the ordinary differential equation

>l

d? 5 S\ 2 A 5 s .
- (¢ +E>T:—Eu(§ + 2 3 sing (3.27)
where f(f, z,s) denote the HT of order zero of T(r, z,8).
3. The solution of Equation (3.27) is
T(¢, 2, 8) = C(&, s)e ™ + D(&,5)e% + T, (3.28)

where 8 = /§2 + 2, C(§,s) and D(¢, s) are constants of integration, and T:p stands

for a particular solution of Equation (3.27) and is given by

= A p)
T, = o+ s sin ¢

(3.29)

~

4. Boundedness of T'(r,z,t) implies that for fixed complex number s with Re(s) > 0,

T(r,z,s) is bounded for r > 0, z > 0, and it follows that D(,s) = 0. Thus

T(€, 2, 5) = CE, s)e ¥ + 1T, (3.30)

where C(&, s) is to be determined using the BC.
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5. Applying the LT on ¢ to both sides of Equation (3.11) yields T(r, 0,s)

. w 5
T(r,0,s) = Ae™ ™" (wQ +82 cos ¢ + i sin qb) (3.31)

Applying the HT of order zero on r to both sides of Equation (3.31) gives

f({, 0,5) = Ap(€% + p?)=3/2 ( cos ¢ + cﬂ;jLsQ sin qb) (3.32)

w? + 52
6. Setting z = 0 in Equation (3.30) and comparing with Equation (3.32) gives

S 1
w2452 af?+s

T cos ¢ + <

C(E,5) = An(g? + u2)™"? [WL ) sin cb] (3.33)

7. Substituting Equation (3.33) into Equation (3.30) and performing the inverse HT of

order zero of f(f , 2, 8) yields

Tl = an [ 1ty | oo (g - gy ) sine]

8. Referring to Section 2.2.1, the final solution of T'(r, z,t) can be approximated using
Equation (3.34) by numerical inverse LT methods such as Gaussian-Quadrature-type

formulas.

3.3 Numerical Results

In this section, numerical results based on the above mentioned two solution methods are
presented. In the following calculation, o = 0.0035 m?/h and p = 0.01 1/m, and tempera-
tures at r = 0 with 2 =0, 1, 5, 10, 20, 40, 60 mm are calculated starting from ¢ = 0 until

t = 1475 s with an increment of 25 s.
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The surface temperatures at r = 0 for every 25 s from ¢ = 0 until ¢ = 1475 s are gener-
ated using Figure 3.1 from Ju and Zhang.? Prescribed surface temperature values 7'(0, 0, t)
at t = 0,25,50,...,1475 s and those generated using the above mentioned interpolatory
trigonometric polynomials are presented in Figure 3.2. When the approximation based on
the method of SV is used, the surface temperatures 7(0,0,¢) are assumed to be 7'(0,0,0) at
each time t = —300, —275, —250, ..., —50, —25 s in order to get a more accurate solution of
T(r,z,0) with > 0 and z > 0.

For the numerical results based on the method of separation variables, the composite
16-point Gaussian quadrature formula is employed to evaluate Equation (3.25), replacing
the upper limit oo by ¢ = 30, which is determined using an error analysis. The length of
each subinterval equals 0.2 in the composite Gaussian integration scheme, and the 10-point
Guassian quadrature formula used for resolving inverse LT in Section 2.2.1 is employed again
to obtain numerical values of T'(r, z,t).

Figure 3.3 shows the prescribed temperature 7(0,0,¢) at ¢t = 0,25, 50, ...,1475 s and the
predicted ones based on the methods of separation of variables and LT, respectively. Figure
3.3 indicates that the surface temperatures at » = 0 were almost exactly recovered by the
results based on the method of SV, and well approximated for ¢ < 450 s by results based on
the LT. The artificial oscillation of temperature for the large ¢ exhibited in the approximation
based on the LT is probably caused by the error associated with the numerical inverse LT.

Figures 3.4-3.6 present the predicted transient temperature 7'(0, 2, ¢) at z = 1,5,10,20,40,and
60 mm using the methods of separation of variables and LT, respectively, identified in Table
3.1. Figures 3.4-3.6 reveal that for z = 1,5,10 mm, the method of separation of vari-
ables gives a reasonable prediction of temperature except at small values of ¢, whereas the
method of LT generates reasonable approximation except for artificial oscillations exhibited
at t > 700 s, which are suspected to be caused by the numerical inverse L'T. For z = 20, 40, 60
mm, LT gives better results than SV does. The reason behind this fact is that the latter

does not use the initial temperature values and the assumption made in Equation (3.16)
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Table 3.1: Proposed Transient Temperature Prediction Using the Combined So-
lution Technique

z (mm) | 7(0, 2, 1)

0 based on SV

1 7(0,1,0),7(0,1,25) based on LT, the others based on SV

5 7(0,5,0),7(0,5,25),7(0,5,50) based on LT, the others based on SV
10 7(0,10,0),7(0,10,25) based on LT, the others based on SV

20 based on LT

40 based on LT

60 based on LT

may not be valid in general.

To take advantage of the reasonable temperature prediction generated by each solution
method, a combined solution technique is proposed in this study. For example, using the
results presented in Figures 3.3-3.6, we proposed that the final approximation for the tran-
sient temperature at z = 0, 1, 5, 10, 20, 40, 60 mm, as shown in Figure 3.7, be generated using

the approaches given in Table 3.1.

3.4 Section Summary

In this section, a 2-D axisymmetric temperature field with specified surface temperature
history in a homogeneous half-space due to transient thermal loading is studied. T'wo solution
methods are proposed, one based on the method of SV and HT, and the other based on
LT and HT. Inverse HT and LT can be resolved numerically. A combined approach to
a solution is proposed using results based on these two methods. Model calculations show
that the combined solution approach gives a reasonable approximation to the rapidly varying

temperature profile.
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Figure 3.2: Prescribed 7'(0,0,t) at t = 0,25,50,...,1475 s and Its Predicted Values
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Figure 3.3: Prescribed and Predicted Surface Temperatures at » = 0 for Different
Times Based on LT and SV Methods
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Figure 3.4: Predicted Temperatures at r =0, 2z =1 mm and r =0, z =5 mm for
Different Times
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Different Times
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Chapter 4

SUMMARY

This research work mainly concerns analytical solutions for predicting the rapidly varying
temperature profile in pavements subjected to transient thermal loading. Analytical 1-D
and axisymmetric 2-D solutions are developed in this technical report.

The general 1-D solution for a pavement temperature profile in homogeneous half-space
with specified surface temperatures is well-known and can be resolved numerically using
some powerful Gaussian-quadrature type integration formulas recommended in this report.
Analytical solutions for the rapidly varying temperature profile in two-layered pavement sys-
tems are systematically investigated in this study and it is shown that they can be used to
analyze the thermal effect of an innovative heat-resistant concrete layer overlying a conven-
tional concrete base layer. The main mathematical tools employed in deriving temperature
profiles in two-layered pavement systems are LT and numerical inversion of LT. One dimen-
sional solutions are derived for input conditions both of specified surface temperature and of
heat flux from aircraft engines. Model calculations suggest that the derived 1-D analytical
solutions can capture the rapidly changing transient pavement temperature profile in both
homogenous half-space and two-layered systems.

For the 2-D axisymmetric Dirichlet problem (i.e., pavement surface temperatures are
known) in homogeneous half-space, specified axisymmetric transient surface temperatures
are assumed and two solution methods are developed. The first method is based on HT and
the method of SV, and the other is based on LT and HT. Numerical experiments suggest that
a solution combining results generated by these two analytical methods can give reasonable

predictions for actual rapidly varying temperature profiles.
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Appendix

This appendix lists the main Matlab and Fortran codes developed in this study.

1. 1-D Temperature Field in a Homogeneous Half-Space (Matlab codes)

e homo_varied_z.m: calculate temperature profile at a fixed time ¢

e homo_varied_t.m: calculate temperature history at a particular depth
2. 1-D Temperature Field in a Two-layered Pavement System (Matlab codes)

(a) Specified Pavement Surface Temperatures
e twolayer_varied z.m: calculate temperature profile in the concrete layer at a
fixed time ¢
e twolayer_varied_t.m: calculate temperature history at a particular depth in
the concrete layer
(b) Mixed Boundary Conditions, i.e., Specified Heat Flux from Aircraft Engine
e twolayer_mixed_bc_varied_z.m: calculate temperature profile in the concrete
layer at a fixed time ¢

e twolayer_mixed_bc_varied_t.m: calculate temperature history at a particular

depth in the concrete layer

3. 2-D Axisymmetric Temperature Field in a Homogeneous Half-Space Subjected to Spec-

ified Pavement Surface Temperatures (Fortran source codes)

(a) Separation of Variables Method
e temphomo2.f: main code to calculate temperature history at a particular
location in the concrete layer
e gauss.f and wl.f: two subroutines
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(b) Laplace Integral Transformation Method

e homolt.f: main code to calculate temperature history at a particular location

in the concrete layer

e gauss.f and wl.f: two subroutines
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LIST OF SYMBOLS AND ABBREVIATIONS

1-D
2-D
B
BC

Hy
HT
Jo(g’l“)

one-dimensional

two-dimensional

pavement surface convection coefficient (kcal/m?hr °C)
boundary condition(s)

function appeared in the boundary condition

function appeared in the initial condition

ha

hi + ho

Hankel transform

first kind of Bessel function of order zero

Laplace transform

heat flux emanating from the aircraft engines (kcal/m? h)
separation of variables

temperature function (Celsius degree)

temperature function for layer j (Celsius degree)

Laplace transformation of T'(r, z,t) with respect to ¢ followed by Hankel transfor-
mation on r

shifted temperature function for layer j (Celsius degree)

Laplace transformation of Uj

complex-valued function whose imaginary part is the desired temperature function
thickness of Portland cement concrete (m)

thickness of the base layer (m)

integers

radial variable (m)

Laplace transformation variable
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W

Tk

temporal variable (s)

weights used in the Gaussian quadrature type formula
abscissae used in the Gaussian quadrature type formula
depths measured from pavement surface (m)

thermal diffusivity of material (m?/h)

thermal diffusivity of the jth layer (m?/h)

thermal conductivity of the jth layer (kcal/m h °C)

parameter to account for the temperature variation along the radial direction

(1/m)
Hankel transformation variable

phase angle (non-dimensional)

frequency (1/hour)
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